The vari able space grid method based on fi nite dif fer ences is ap plied to the one-dimen sional Stefan prob lem with time-de pend ent bound ary con di tions de scrib ing the so lid i fi ca tion/melt ing pro cess. The tem per a ture dis tri bu tion, the po si tion of the mov ing bound ary and its ve loc ity are eval u ated in terms of
There are two main ap proaches in the so lu tion of the Stefan prob lem. One is the front-track ing method, where the po si tion of the phase bound ary is con tin u ously tracked. An exam ple is the heat bal ance in te gral method [2] , which ex plic itly tracks the mo tion of iso therms (the phase bound ary be ing one of them). An al ter na tive ap proach, namely, vari able grid meth ods (variable space grid and vari able time step) pro vide a way to track the phase front ex plic itly [15] .
An other ap proach is to use a fixed-do main for mu la tion. An ex am ple is the iso therm mi gra tion method, which uses the tem per a ture as the in de pend ent vari able [16] . A more common method is the enthalpy method which uses an enthalpy func tion to gether with the tem per ature as de pend ent vari able [8, 17, 18] . Al ter na tively, us ing a suit able co or di nate trans for ma tion, one may im mo bi lise the mov ing front at the ex pense of solv ing a more com pli cated prob lem by a nu mer i cal scheme de scribed by Kutluay et al. [6] .
The one-di men sional Stefan prob lem with time-de pend ent bound ary con di tions describ ing the so lid i fi ca tion/melt ing pro cess is con sid ered in this pa per. The vari able space grid (VSG) method is em ployed in or der to de ter mine the evo lu tion of the tem per a ture dis tri bu tion and phase bound ary dur ing the pro cess. The com pu ta tional re sults are com pared with the ex act so lu tion and with those ob tained ear lier by Caldwell et al. [19] who used the vari able time step fi nite dif fer ence method. So lu tions re ported in the lit er a ture us ing the VSG method for solv ing the mov ing bound ary prob lem in clude the one-di men sional Stefan prob lem de scrib ing the process of melt ing of ice [6] and the pro cess of evap o ra tion of drop lets [20] .
For mu la tion of the prob lem
Here we con sider the Stefan prob lem de scrib ing a one-di men sional sin gle phase melt ing pro cess where the tem per a ture is in creased ex po nen tially with time at the fixed bound ary x = 0. The tem per a ture through out the solid is as sumed to re main at the melt ing point. We are in ter ested in the tem per a ture dis tri bu tion u(x, t) in the re gion 0 £ x £ s(t) and in the lo ca tion of the mov ing bound ary. Within the dimensionless math e mat i cal model, the func tion u(x, t) is gov erned by the heat equa tion:
sub ject to the bound ary con di tions
where a is a phys i cal pa ram e ter com bin ing the den sity, spe cific heat, and the ther mal con duc tivity. The lo ca tion of the mov ing bound ary is given by the heat bal ance equa tion known as the Stefan con di tion:
The ini tial con di tion is
The ex act so lu tion of this prob lem is given by:
We use the ex act so lu tion (5) to in itial ise our nu mer i cal schemes and to com pare it with our com pu ta tional re sults.
Here we deal with the fi nite dif fer ence so lu tion of the dimensionless model prob lem given by eqs. (1)-(4). Sev eral nu mer i cal tech niques based on fi nite dif fer ences and fi nite el ements have been suc cess fully ap plied to the treat ment of the Stefan prob lem [4, 5, [21] [22] [23] . In this pa per, in or der to de ter mine s(t) for t > 0 and u(x, t) for 0 £ x £ s(t) and t > 0, we em ploy a vari able space grid tech nique.
A vari able space grid (VSG) method
The num ber of space in ter vals be tween a fixed bound ary x = 0 and a mov ing bound ary x = s(t) is kept con stant and equal to N, and thus the mov ing bound ary al ways lies on the N-th grid. Be fore writ ing the fi nite dif fer ence form of eq. (1), it is nec es sary to take into ac count the con tin u ous change in the nodal po si tions due to the bound ary move ment. The fol low ing ex pression ap plies at the i-th grid point:
and the node x i is moved ac cord ing to the ex pres sion:
in which the suf fices t, i, and x are to be kept con stant dur ing the dif fer en ti a tion pro cess and omit ted for clar ity be low. By sub sti tut ing eqs. (1) and (7) into eq. (6), the fol low ing equa tion is ob tained:
sub ject to the bound ary con di tions (2) . Equa tion (3), sub ject to ini tial con di tion (4), re mains unchanged. One should note here that the grid size Dx = s(t)/N var ies with time t as the in ter face moves, since the num ber N of grid points is con stant. The tem per a ture gra di ent at the mov ing in ter face [x = s(t) = NDx] is given by the follow ing three point back ward scheme [11] :
Us ing a for ward dif fer ence ap prox i ma tion for the time de riv a tive and a cen tral dif ference ap prox i ma tion for the space de riv a tive, the discretization of eq. (8) can be ex pressed as:
where The tem per a ture dis tri bu tion at the or i gin is eas ily ob tained us ing the bound ary con dition (2) at x = 0, which in discretized form is:
For the tem per a ture dis tri bu tion at 0 < x < s(t) (i = 1, 2,…, N -1, m = 0, 1, 2,…,) eq. (10) is to be used. The bound ary con di tion (2) at x = s(t) is:
Us ing eq. (9), the Stefan con di tion (3) at x = s(t) (i = N) in terms of fi nite dif fer ences is:
and the ini tial con di tion (4) be comes:
On the ba sis of the up dated in ter face lo ca tion s m+1 , the up dated grid size h m+1 is cal culated at each time step as h m+1 = s m+1 /N.
Nu mer i cal re sults and dis cus sion
In this sec tion we pres ent the com pu ta tional re sults ob tained by us ing the VSG method ap plied to the one-di men sional Stefan prob lem de scrib ing the melt ing pro cess of a solid. We com pare our com pu ta tional re sults with the ex act so lu tion for a = 2 and 10. Also the pres ent re sults for tem per a ture dis tri bu tion are com pared with those ob tained ear lier by Caldwell et al. [19] for a = 10, who use the vari able time step fi nite dif fer ence method. In the VSG method used in the pres ent study, the nu mer i cal pro cess is in itial ised us ing the ex act so lution (5) of the Stefan prob lem de fined by eqs. (1)- (4) . The ini tial time t 0 = 0.01 which ac cord ing to eq. (5) cor re sponds to the ini tial po si tion of the mov ing bound ary s(t 0 ) = 0.02 and 0.1 for a = = 2 and 10, re spec tively, is used. We in ves ti gate the evo lu tion of the tem per a ture dis tri bu tion, the po si tion of the mov ing bound ary and its ve loc ity in a time in ter val from t = t 0 = 0.01 to 0.5. Ap ply ing the VSG method a grid size h m (º Dx) = s(t)/N (N = 10 is also adopted) var ies be tween 0.002 and 0.1 for a = 2 and be tween 0.01 and 0.5 for a = 10, since we are an a lyz ing the movement of the phase bound ary po si tion s(t) be tween 0.02 and 1 for a = 2 and be tween 0.1 and 5 for a = 10. The time steps k (º Dt)=0.000001 and 0.000002 are used for a = 2 and 10, re spec tively. Such a choice of time step and grid size guar an tees sta bil ity of our dif fer ence schemes ap plied within the VSG method.
We first pres ent the re sults ob tained for a = 10. The pres ent com pu ta tional re sults for the tem per a ture dis tri bu tion u(x, t) to gether with the ex act so lu tion are shown in tab. 1. Good agree ment be tween the pres ent re sults and ex act so lu tion is seen. Fur ther more, the ac cu racy of the pres ent re sults for the tem per a ture dis tri bu tion u(x, t) is about one or der of mag ni tude better than the ac cu racy of the re sults ob tained ear lier in [19] (shown in tab. 2) us ing the vari able time Tem per a ture dis tri bu tion u(x, t) fig. 2 the com pu ta tional re sults and ex act so lu tion for mov ing bound ary po si tion ver sus time are shown. In tab. 3 the com pu ta tional and ex act val ues for bound ary po si tion and its ve loc ity are shown to gether with per cent age er rors. Rea son ably good agree ment be tween the pres ent re sults and the ex act so lu tion is seen. In tab. 4 is shown a com par i son of u(x, t) de ter mined from the ex act so lu tion and from the fi nite dif fer ence cal cu la tions for a = 2. Very good agree ment be tween the pres ent re sults and the ex act so lu tion is seen. The com pu tational re sults and ex act so lu tion for mov ing bound ary po si tion vs. time are plot ted in fig. 3 . In tab. 5 the bound ary po si tion and its ve loc ity de ter mined using fi nite dif fer ences are com pared with the ex act so lu tion. Again, good agreement be tween the pres ent re sults and exact so lu tion is ev i dent. Clearly, our com pu ta tional re sults for the worse case tab u lated (cor re spond ing to t = 0.5) with a = 10 are ap prox i mately within 4% or less of the ex act val ues. Since the val ues of a for al most all the ma te ri als of prac ti cal in ter est are less than 5, the VSG method may be as sumed suf fi ciently ac cu rate for most prac ti cal ap pli ca tions. Also the VSG method has been ear lier suc cess fully ap plied to the Stefan prob lem with Neumann bound ary con di tion at x = 0 by Caldwell et al. [20] de scrib ing the evap o ra tion of drop lets and a time-de pend ent bound ary con dition at x = 0 by Kutluay et al. [6] de scribing the pro cess of melt ing of ice.
On the ba sis of the re sults ob tained we can con clude that the VSG method, which uses con stant time step, can be suc cess fully em ployed to the Stefan prob lem de scrib ing a one-di men sional sin gle phase melt ing pro cess where the tem per a ture is in creased ex po nen tially at the fixed bound ary x = 0. Al though the ex po nen tially in creas ing tem per ature at the fixed bound ary x = 0 makes this prob lem more dif fi cult than the prob lem with time-inde pend ent bound ary con di tions suc cess fully treated ear lier [20] us ing the VSG method, this method again proves to be very ef fi cient and ac cu rate.
Con clu sions
We re port on the im ple men ta tion of the vari able space grid method for the so lu tion of the Stefan prob lem de scrib ing the melt ing pro cess of a solid. Very good agree ment be tween the com pu ta tional re sults ob tained us ing the VSG method with the ex act so lu tion is ev i dent. We find that the ac cu racy of the VSG re sults for a = 2 is much better than the ac cu racy of the com puta tional re sults achieved for a = 10. Since the val ues of a for al most all the ma te ri als of prac ti cal in ter est are less than 5, the VSG method may be as sumed suf fi ciently ac cu rate for most prac ti cal ap pli ca tions. One ben e fit of the VSG method is that the com pu ta tion time is com par a tively short and so it is pos si ble to achieve higher ac cu racy by re fin ing the mesh size. Fur ther more, this method is shown to pro vide more ac cu rate so lu tions of the Stefan prob lem treated in the pres ent work com pared to those ob tained us ing the vari able time step method [19] . The good agree ment achieved in com par i son with the an a lyt i cal so lu tion gives us con fi dence in the use of this variable space grid ap proach for other Stefan prob lems with time-de pend ent bound ary con di tions. This is im por tant for those cases where an a lyt i cal so lu tions are not avail able.
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